EXAM IN OPTIMAL CONTROL (TSRTO08)

ROOM: TER4

TIME: Tuesday, August 26, 2025, 8-12

COURSE: TSRT08 OPTIMAL CONTROL

CODE: TEN1

DEPARTMENT: ISY

NUMBER OF EXERCISES: 4

NUMBER OF PAGES (including cover page): 4

EXAMINER: Anders Hansson, 070-3004401

VISITS: 9

COURSE ADMINISTRATOR: Ninna Stensgard 013-282225, ninna.stensgard@liu.se

APPROVED TOOLS: Collections of formulas and tables printed by a pub-
lishing house, calculator. No other books are allowed.

SOLUTIONS: Linked from the course home page after the exam.

The exam can be inspected and checked out 2025-09-11, 12.30-13.00, 2A:573,
B-building, entrance 25, A-corridor, to the right.

PRELIMINARY GRADING: grade 3 15 points
grade 4 23 points
grade 5 30 points

All solutions should be well motivated. Writing should be neat and clean.
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1. (a)

Find the control signal u(¢) which satisfies the optimal control
problem

T
minimize / (acg(t) + uz(t)) dt
u() 0
subject to  @1(t) = —z1(t) + u(t),
a(t) = 21(1)
21(0) = a, z2(0) =0,
for a fixed T' > 0, using the PMP. (5p)

Find the extremal to the functional

1
Tw) = [ w0 +a) de
satisfying y(0) = 1 and y(1) = 0. (5p)
The system
T=1u
is controlled to minimize the criterion
oo
/ (2®™ + u?) dt
0
where m is a positive integer. Derive a control law u = u(x) that
minimizes the criterion. You may use the fact that such a control
law is the minimizing argument in the equation
oV
=),
oz
where the function V() is such that V(0) = 0 and V(z) > 0 for
x # 0.

0 = min {x2m +u?+
u

(5p)
Consider an analogous discrete time problem. Minimize

N-1

> (2™ + u(t)?) + z(N)*

t=0
for the system
z(t+1) = x(t) + u(t)

Write down the dynamic programming recursion for solving the
problem. Explain why it is difficult to solve the problem explicitly
if m > 1. (5p)



3. Consider the optimal control problem

minimize Y50 77 + Ui
subject to  xk41 = Tk + Up
To given
ug € [—1,1]

(a) Compute an optimal feedback policy uy = u(xy)) for this problem
when the control signal constraint is neglected. Hint: try the
value function V (x) = px?, where p > 0. (4p)

(b) Now, consider the case with constraints on the control signal.
Compute an approximative solution by solving

min {a:2 +u? 4+ V(x+ u)}

—1<u<1
where V(x) is defined as in the hint above. (3p)
(c) Prove that the closed loop system using the feedback of the pre-
vious subproblem is stable. (3p)



4. We consider a linear system in discrete time:

Tpy1 = Axp + v
yr = Cag + ep

where x; and gy are n and p dimensional vectors, repectively, and
k=0,...,N — 1. The initial state x( is given. We assume that the
sequences of vectors vy and e, are zero mean identically distributed
and independet random vectors with symmetric and postive definite
covariance matrices Ry and Ro, respectively. The likelihood function
L(z,v) satisfies

N
| _
—log L(z,v) = 3 Z (yx — C’a:k)T R, Uy — Cxy)
k=0
1 N-1 S
+ B v By v +c

k=0
where ¢ is some constant, and where z = (z1,...,zy) and v =
(vo,...,un—1). We are interested in solving the maximum likelihood

problem of maximizing L(Z,v) with respect to (z,v) under the con-
straint of the dynamic recursion above and for given measurements

y= (y07" . 7yN)'
Show that the optimal & satisfies the following two-point boundary
problem for some sequence of Lagrange multipliers Ag:

karl:Axk_Rl)\kJrl, kZO,...,N—l
)\k:AT)\k+1—CTR2_1(Z/k_C$k), k=1,...,.N—-1

with boundary conditions x¢ given and Ay = —CT R Yyn — Czy).
(10 p)



