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1. (a) Solve the optimal control problem

minimize
u(·)

∫ T

0

(
x(t) + u2(t)

)
dt

subject to ẋ(t) = x(t) + u(t) + 1,

x(0) = 0.

for a fixed T > 0, using the PMP. (5p)
(b) Find the extremal to the functional

J(y) =
∫ 1

0

(
y2(t) + ẏ2(t)

)
dt,

satisfying y(0) = 0 and y(1) = 1. (5p)

2. Consider the problem

maximize
u(·)

N−1∑
k=0

βk log (uk)

subject to xk+1 = axα
k − uk ≥ 0,

x0 ≥ 0 given,

where 0 < α, β < 1 and a > 0 are some constants. This is commonly referred to as the
consumption problem in the theory of economics. The variable uk may be interpreted
as the consumption for time period k and xk the available capital, which is assumed
positive, at time period k, respectively. Find the optimal control policy uk, where
k = 1, 0, for the problem when the horizon is N = 2 using the dynamic programming
algorithm. (10p)
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3. We consider a discrete-time hidden Markov model with state x(k) and output y(k) at
time k. We define the probability

p(x̄) = P{x(0) = x0, . . . , x(N − 1) = xN−1, y(0) = y0, . . . , y(N − 1) = yN−1}

where x̄ = (x0, . . . , xN−1) ∈ XN , ȳ = (y0, . . . , yN−1) ∈ Y N , and where X and Y
are some sets to be defined in more detail later. We assume that the sequence of
observations ȳ is given, and we are interested in estimating the sate sequence x̄ based
on the observation of ȳ. We are going to do this by maximizing p(x̄), which is known
as maximum likelihood estimation. A key feature of a hidden Markov model is that it
satisfies what is called the Markov property, i.e.

p(x̄) = P{y(N − 1) = yN−1|x(N − 1) = xN−1}
× P{x(N − 1) = xN−1|x(N − 2) = xN−2}
× P{y(N − 2) = yN−2|x(N − 2) = xN−2}
× P{x(N − 2) = xN−2|x(N − 3) = xN−3}
...
× P{y(1) = y1|x(1) = x1}P{x(1) = x1|x(0) = x0}
× P{y(0) = y0|x(0) = x0}P{x(0) = x0}

(a) Let V0(x) = P{y(0) = y0|x(0) = x}P{x(0) = x} and define the recursion

Vk(x) = P{y(k) = yk|x(k) = x} max
u∈X

P{x(k) = x|x(k − 1) = u}Vk−1(u)

for k = 1, . . . , N − 1, and let VN = maxx∈X V (N − 1, x). Show that

max
x̄∈XN

p(x̄) = VN

and that the optimal x̄ is such that xk−1 is the maximizing u in iteration k above.
Hint: It is a good idea to consider log p(x̄). (5p)
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(b) Consider a primitive clinic in a village. People in the village have the property
that they are either healthy or have a fever. They can only tell if they have a fever
by asking the doctor in the clinic. The doctor makes a diagnosis of fever by asking
patients how they feel. Villagers only answer that they feel normal, dizzy or cold.
This defines a hidden Markov model with X = {α1, α2} and Y = {β1, β2, β3},
where α1 =healthy, α2 =fever, β1 =normal, β2 =cold, and β3 =dizzy. Introduce
the notation:

aij = P{x(k + 1) = αj |x(k) = αi}
bij = P{y(k) = βj |x(k) = αi}

Also let the matrices A and B be defined such that element (i, j) of the matrix is
equal to aij and bij , respectively. Consider the case when

A =
[
0.7 0.3
0.4 0.6

]
; B =

[
0.5 0.4 0.1
0.1 0.3 0.6

]

and assume that P{x(0) = α1} = 0.6 and P{x(0) = α2} = 0.4. The doctor has
for a patient observed the first day normal, the second day cold, and the third day
dizzy. What is the most likely value of the condition for the patient, i.e. the most
likely value of x̄? Use the recursion in (a). (5p)

4. Consider the dynamical system

d2y(t)
dt2 = u(t) + k

where |u(t)| ≤ 1 is the control signal and where 0 < k < 1 is a known constant. You
should solve the optimal control problem

minimize
|u(t)|≤1

∫ T

0
|u(t)|dt

subject to the above dynamics with known initial values y(0) and ẏ(0) and such that
y(T ) = 0. The final time T should also be optimized.

(a) Use PMP to show that the optimal control signal is of the form

u(t) =
{

−1, 0 ≤ t ≤ t1

0, t > t1

for some t1. (4p)
(b) Show that the following feedback policy is optimal

u(y, ẏ) =
{

0, y ≤ 0 or y ≤ ẏ2

2k and ẏ ≤ 0
−1, otherwise

(4p)
(c) Consider the case where it is additionally required that ẏ(T ) = 0. What form does

the optimal control signal now have? (2p)
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