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1. (a) Find the control signal u(t) expressed as a function of the states x(t) which satisfies
the optimal control problem

minimize
u(·)

x(T ) +
∫ T

0

u2(t)
x(t) dt

subject to ẋ(t) = −u(t),

for a fixed T , using the pmp. (5p)
Hint: The adjoint equation is a separable ode.

(b) Find the extremal to the functional

J(y) =
∫ 1

0

(
ety + ẏ2

t

)
dt,

satisfying y(0) = 1 and y(1) = 0. (5p)

2. Assume that we have a vessel whose maximum weight capacity is z and whose cargo
is to consist of different quantities of N different items. Let vk denote the value of the
kth type of item, and let wk denote the weight of the kth type of item.

(a) Let xk be the used weight capacity of the vessel after the first k − 1 items have
been loaded and let the control uk be the quantity of item k to be loaded on the
vessel. Formulate the dynamic equation

xk+1 = F (k, xk, uk),

describing the process. (3p)
(b) Determine the constraint set U(k, xk) on the control signal uk. (3p)
(c) Formulate a DP recursion that solves the problem of finding the most valuable

cargo satisfying the maximal weight capacity. Observe that you do not need to
solve the problem. (4p)

3. Consider the scalar discrete time system

xk+1 = xk + uk, x0 = 1

with the optimization criterion

J = |xN | +
N−1∑
k=0

|uk|

(a) Consider the control law

uk = −αxk, 0 ≤ α ≤ 1

Show that the cost is independent of the choice of α. What is the cost? (Hint:
the sum of a geometric series is

∑n
k=0 ak = 1−an+1

1−a ) (5p)
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(b) Use e.g. dynamic programming to show that the optimal cost satisfies

J∗
k (xk) = |xk|

for all time points 0 ≤ k ≤ N . What can be concluded about optimality/suboptimality
of the control law in (a)? (5p)

4. We consider a well stirred bio-reactor, where x is the concentration of bacteria, z is the
concentration of contaminent, and where u is the concentration of input nutrient. The
following differential equation model how the variables are related

ẋ = Gu

L + u
x − Dx2

ż = −Kzx

where D, G, K and L are postive constants. It is assumed that the initial values for
x and z are positive. The objective is to make the z(T ) small at the same time as∫ T

0 u(t)dt is small, where u(t) ∈ [0, M ] for some positive constant M .

(a) Show that ∫ T

0
Kx(t)dt = − ln

(
z(T )
z(0)

)
(2p)

(b) In view of (a) the objective is to maximize∫ T

0
(Kx − u)dt

under the above constraints. Let λ be the adjoint variable for this problem and
define z = xλ. Show that the adjoint eqeuation implies that

ż = (zD − K)x, z(T ) = 0.

Moreover, show that that 0 < z(t) < K/D for all t ∈ [0, T ) and that ż(t) < 0 for
all t ∈ [0, T ]. Hint: ż = (zD − K)x is separable. (3p)

(c) Show that the optimal control is

u⋆ = min
(
max

(
0,

√
GLz − L

)
, M

)
and that the optimal solution will switch at most once from M to

√
GLz − L and

then to zero. (5p)
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