TSRTO08: Optimal Control
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1. (a) The Hamiltonian is given by
H(t,z,u,\) =2+ u? + Mz +u+1).

Pointwise minimization yields

OH 1
0 5 (t, z,u, \) u+A = u 2)\

The adjoint equation is given by
AMt)==At) =1, MNT)=0
which is a first order linear ODE with the solution
At)=elt -1,
and the optimal control is
(1) = - =
u = —— e
2 2
(b) Introducing x = y and u = g, it holds that & = v and the Hamiltonian is given by
H(t,z,u,\) = 2° + u? + \u.

The following equations must hold

: O0H
= - = —2
A ax (t7 x)”? )\) m7
OH
= — — 2 .
0 5 (t,x,u,\) U+ A

The latter yields A = —2a = —2j, which plugged into the first equation gives
—2j=-"2r=-2y & y—y=0,

which has the solution

y(t) = cret + coe™t,

for some constants ¢; and ¢3. The boundary constraints y(0) = 0 and y(1) = 1 yields

(¢ )@= 0)

which has the solution
Thus,

is the sought after extremal.



2. The constraints U (k, zj) on the input signal may be expressed as
U(k,zr) = {ug : axy —up > 0}.
The dynamic programming algorithm yields:

e k = 2: Then it holds that

e k =1: Now, the above yields

Vile) = min {=flog ()},

u1 €U (1,21
which takes its minimum at ] = az{. Thus,
V*(21) = —Blog (azy).
e k =0: Finally, it follows that

Vo(wo) = min {~log(up) — flog (a(az§ —uo)*)}

= min {—log(up) — Blog(a) — aBlog (axy — ug)}.

up €U (0,z0)
£h(uo)
The extrema are found via differentiation of h, i.e.,
1 1 afug — (axd — ug 1+ af)ug — azxd
0= H(uo) = —— +ap— L = WP (W —wo) _ {1+ Py —azf
Ug ax§ — uo up(az§ — uo) up(az§ — uo)

Since 1 + af > 1, the extremum is attained by

U axg € U(0, ),

_ 1
1+afB

with the corresponding optimal cost-to-go function easily calculated from the above. That
this constitutes a minimum is verified by the fact that

1
taf— >0

1
hl/ —
(o) (azx§ —up)? —

ug
3. (a) In order to formulate the maximum likelihood estimation problem as an discrete-time optimal

control problem, we choose to maximize log p(Z) instead of maximizing p(Z), which we can do
since log(+) is a strictly increasing function. From the question description we have

log p(7) = log P{y(0) = yo|z(0) = 20} + log P{x(0) = o}

N-—1
+ 3 log P{y(k) = yila(k) = o1} +log P{a(k) = eile(k — 1) = 241}
k=1

By introducing

) = log P{y(0) = yo|z(0) = x} + log P{z(0) = x}
f(k,z,u) = log P{y(k) = yx|z(k) = 2} + log P{z(k) = z|z(k — 1) = u}
)



we can formulate the maximization problem as the following optimal control problem

N-1

maximize;  J(u) =¢(zo) + Z fk, zp, ug)

k=1
subject to  xp_1 = F(k, zp, ug)

The solution to the problem can be found with dynamic programming. Since the dynamics is
running backwards in time, the dynamics programming recursions will run in reverse order.

Jo(z) = ¢(x)
Ji(x) = mea))(({f(k,LU) + o1 (Fk,z,u)}y, k=1,...,N—1
At stage N — 1 we have optimized for all uq,...,uy_1 except uy. We then have
Inv-1(zn—1) = max J(u)

(w1, un—1)€EXN-L
where zn_1 = uny. Hence

J(z) = J(u) = JIn—
255 T = Jags T (W) = g v )

By identifying
logVi(z) = Jp(z) and logV(z) = J(x)

we get the following recursions

Vo(z) = P{y(0) = yo|z(0) = 2} P{z(0) = z}
Velw) = PLy(k) = yilo(k) = o) ma [PLa(k) = ela(k — 1) = ulVea)], k=1,...
max V(z) = max Vy_1(x)

zeEXN zeX
where the optimal solution is given by

xy_; = argmax Vy_1(x)
ueX
xy_q =uy, = plk,xyp), if k<N
with

p(k,z) = argmax [P{z(k) = z|z(k — 1) = u}Vi—1(u)]
ueX

We have the optimization problem on the form of the previous question with N = 3.

Stage k& = 0: The first day, the doctor is making the observation yy = 81, which gives

Vo(ai) = P{y(0) = B1]z(0) = a; } P{z(0) = a;}

This gives

Vo(Oél) = b11 *0.6=0.5%x0.6=0.3
Volag) = by x0.4=10.1%0.4=0.04

[z ]| Vole) | w ]
a1 0.3 -
(65 0.04 -




Stage k = 1: The second day, the doctor is making the observation y; = 2, which gives

Vi(eq) = P{y(1) = folo(1) = i} max  [P{a(1) = ai|2(0) = u}Vo(u)]

ue{ai,as}

= b;o max {a1;Vo(a), a2:Vo(a2)}
i€{1,2}

This gives

Vi(aq) = b1a x max{a11 Vo(aq), a21 Vo(aa)} = 0.4 x max{0.7 x 0.3,0.4 x 0.04} = 0.4 % 0.7 x 0.3 = 0.084
Vi(ag) = bag x max{ai12Vp(a1), a2aVp(aa)} = 0.3 *x max{0.3 0.3,0.6 x 0.04} = 0.3 % 0.3 x 0.3 = 0.027

Lz [ Vi) | v ]
ap || 0.084 | ay
[6%) 0027 a1

Stage k = 2: The third day, the doctor is making the observation y = 3. In a similar fashion
as in the previous step we get

Va(o) = bizmax{ai;Vi(on), az;Vi(ae)}
This gives

Vo(ag) = b1z * max{ay1 Vi (1), a21 Vi (az2)} = 0.1 % max{0.7 * 0.084,0.4 % 0.027} = 0.1 % 0.7 % 0.084
VQ(()CQ) = b23 * max{auVl (al), a22V1 (0[2)} = 0.6 * max{0.3 * 0084, 0.6 * 0027} = 0.6 x0.3 x0.084

Lz [ Va@) v ]
o1 || 0.07*%0.084 | oy
as || 0.18%0.084 | oy

Since Va(ag) > Va(ay) we have that

x5 = argmax Va(z) = ay
ze{a,as}

To summarize, the system evolves as follows:
EREAACE
2 (65 (03] 018*0084

1 (651 (&3] 0.084
0 ar | - 0.3

Thus, the most likely condition for the patient is that he/she was healthy the first and second
day, = = x7 = aq, and had fever the third day, 25 = as.

(a) By introducing the states 1 = y and z2 = g, the dynamics can be expressed as

.10 1 0 0
x—[o O}x—l—[l}u—i—[k} (1)
The Hamiltonian of the problem is then given by
H(x,u,\) = |u| + \T(Az + Bu + K) (2)

Pointwise minimization of the Hamiltonian w.r.t. u gives

0, ifAse[-1,1]
u*(t,\) = argmin H(z,u,\) = argmin |u] + Au =< =1, if Ay > 1 (3)
u€[—1,1] u€[—1,1] 1 i Ay < 1
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(a) u+k>0 (b) u+k <0
Figure 1: Phase plane for the system when w is constant.
and the adjoint equation gives
Aiﬁﬂ“{o}é LA (4)
-\ Ay = —cit+co

for some constants c1,co € R.

Furthermore, since z5(T) is free we have that Ao(T) = 0. Since s is affine in ¢, the optimal
control switches at most one time, resulting in either

-1, 0<t<t
*(t) = T 5
u* (1) {O, Peter (5)
or
1, 0<t<t
=< -~ = 6
w (1) {07 Feter (6)

depending on if the slope ¢ is positive or negative, respectively. We note that in both cases
the optimal cost will be

/OT lu (£))dt = /Ot Vit = ™)

Hence, we want to have a non-zero input for the shortest time possible while still satisfying
y(T) = z:(T) = 0.
Using the state dynamics, the following relationship can be established,

.i‘l - d.’l?l 22 .’17%

:>x1:W+c (8)

1.72 _dﬂjg _U+k

for some constant ¢ € R. Depending on the sign of u + k we get different charactersitcs in the
phase plane, shown in Figure 1.

Since 0 < k < 1 we have that u+k > 0, when u > 0, so the candidate policy given by (6) will
only follow the characteristics of (a) in Figure 1. However, this leads to some states in, e.g.,
the first quadrant not following a trajectory which crosses the xs-axis. I.e., for some initial
conditions x = xg, x1(T) = 0 can not be satisfied for any 7' > 0 using a control on the form
(6).

A policy on the form (5) makes it possible for a trajectory to combine both characteristics
in Figure 1, since u + k can become both negative and then positive with such a policy, and
hence z1(T") = 0 can always be satisfied for some T > 0.

Also, note that for some initial values of x already starts on a trajectory that will cross the
ro-axis and we will get £ = 0 which gives u*(¢) = 0.



(b) As was mentioned before the optimal cost will be  which is the switching time. Hence, we want
to have a non-zero u for a time period as short as possible, idealy # = 0, while still satisfying
21(T) = 0 for some T > 0. When v =0, u+ k = k > 0, resulting in the characteristics given
by Figure 1 (a). In Figure 1 (a) it can be seen that all z; < 0 will follow a trajectory which
crosses the zo-axis. Also ¢ < 0 and x5 < 0 lead to a trajectory which crosses the xzs-axis being

2
followed, i.e., u* = 0 is also optimal for all x satisfying zo < 0 and x; < 32072@

All other states results in © = —1 for some time to force the state into the above mentioned
region. In summary we get the feedback policy, (recall that z; = y and x4 = ¢),

.2
. 0, y<Oory<irandy<0
u(y,y) = 9

() {1 otherwise ©)

)

(c) For this case the constraint on Ao(7T") = 0 disappears and we get the cases

—1, 0<t<ty

u' =<0, t;<t<ty (10)
1, ta<t
1, 0<t<ty

u =140, t;<t<ty (11)
-1, ty<t

depending on the slope ¢ of As.



