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Prediction

For a joint pdf fx y : R™ x R" — R4 of two random variables X
and Y with marginal pdfs fx : R™ — R, and fy : R” — R we
are given an observation x of X and would like to predict a value y
for Y.

The conditional pdf for Y given X: fy|x : R” x R” — Ry

Arix(rlx) = )

is one solution—DBayesian approach. We could also maximize w.r.t.
y to get a point estimate— Maximum a Posteriori (MAP)
estimate.

Another possibility is to look for a predictor g : R™ — R" that

solves
minimize E (Y — g(X))" (Y — g(X))



Conditional Expectation

/Rm fx(x) /R" fyix (1) (yTy —2g T (x)y + gT(x)g(x)> dydx
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+(80) — E(YIX =) () — E(YIX = x)) )

Minimum attained for g(x) = E(Y|X = x), i.e. the conditional
expectation of Y given X = x.

Minimal value of objective function is the conditional covariance of
Y.



Normal Distribution Case

Let
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The Schur complement formula:
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Factorization of pdf

We have fx y(z) = fx(x)fy|x(y|x), where

1
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and where
fyix(ylx) = ! o 30y ) TE =ty )
(2m)"det X,
where

MY|X:MY+Z>Z;/Z;1(X_MX); zy|x:Zy_ZTz_1zxy

Xy —=x

Hence fy|x(y|x) is conditional pdf and the conditional expectation
is fty|x, which is affine in x.



Gaussian Mixture Model

Let
fx.v(z Z ajfx,v,(z
where
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where z = (x,y), pi = (fx,is tty,i) and where
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Here oj >0 and SN a; = 1.



Marginal and Conditional pdfs

N
fx(x) = Z ajfx;(x)
i—1

where
fx.(x) = ;e_%(X—Mx,i)TZ;}(X—MX,i)
’ (2r)mdet *
and hence ZIN:l aijth(X’y)
fY|X(}/|X) =

le'vzl afin(X)



Optimal Predictor

SN ai JRr Y, v (%, y)dy
SV aifx(x)

Since fx,v(x, y) = fx,(x)fy; x;(y|x) we obtain

E(Y|X = x) =

E(YIX = x) = i 0if () JRe Yvx (v 1)y SN aifi (x)uix)

SV aifx(x) SV aif(x)

where
pi(X) = piy,i + Ty i T 7 (X = hii)

are the linear predictors for Y; given X; = x.



Example
Two-dimensional Gaussian mixture (a; = 1/3):

fX17Y1(X7)/) = N(O7 I)
P, va (X, ¥) = N((1,2),1)
fxa,va (X, ) = N((=2,0),1)




Affine Predictor

Consider general pdf fx y that is not necessarily normal.

Let m, = EX, my:EYand)_(:X—mXand V:Y—myand
define J: R™" x R™ — R, as

J(A,b) = ~E(Y —AX — b)" (Y — AX — b)

trE(Y — AX — b) (Y —AX —b)"
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trE (Y — AX + my, — Am, — b) (Y — AX + m, — Am, — b) "

trE (Y — AX) (Y - AX)"

(my, — Am, — b)" (my — Am, — b)

+

where we have used EX =0 and EY = 0.



Optimal Predictor

With D, = EXXT and D, = EXYT optimal A and b satisfy

oJ

%:—my—i—AmX%—b:O

9J DT+ AD, — mym] + bm] + AmymT =0

OA xy x yix x Xxe T
with solution A = D)Z;,DX_1 and b=m, — D;}—/Dx_lmx-

Optimal predictor:
— T -1
Ax+b=my+ D, D" (x — my)

which is in agreement with the normal distribution case.

The minimal value of J is tr (Dy — D)E,DX_IDX},). In general larger
that the covariance of Y conditioned on X = x.



Affine Predictor for Gaussian Mixture
For general Gaussian mixture:

N N
my = ZaiMxJ; my, = § Ajfly i
i=1 i=1

Moreover
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where the latter formula only holds for the case when X; and Y;
are independent.



Gaussian Mixture Example
For previous example we have my = —1/3, m, =2/3, D, =71/27
and D,, = 24/27.

Affine predictor is
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Stochastic Averaging Approximation (SSA)
Replace the expected value with averaging using observations
(xi, yi) i € Ny of the random variables (X, Y), i.e. minimize

N
1
5 > (yi = Axi — b) T (yi — Ax; — b)
i=1
which is a Least Squares (LS) problem.

Solution from affine predictor by replacing true moments with their
estimates from the observations (x;, y;)

4l < §




Hidden Markov Model (HMM)

Consider two random processes X : 2 — DL+ and Y : Q — £4+
which are correlated with one another.

We assume X is a Markov process and that Y given X; are
independent of Y) given Xy for j # k.



Smoothing Problem

We want to predict/estimate Xy = (Xo, ..., Xk) from the
observation yx = (yo,-..,¥x) of Ye = (Yo,..., Yx) using MAP
estimation.

The process X is called the state and Y is called the measurement
or output.



Joint pdf and conditional pdf
Start with joint pdf! PR, - DKL 5 gk 5 Ry for (X, Yi)

Conditional pdf for Y given X: Py, %, : EkFL x DK+ 5 R, can
be expressed

Py, 1%, (7l%k) pr|x (vilx)

where py,x, : € X D — Ry are the cond|t|ona| pdf:s for Y; given
X;.

Let the marginal probability function or pdf for X be
p)_(k : Dk+1 — R+.

Hence
k

P, v (Kis ¥ik) = Py, %, (VK Xk )px, (%K) HPY|X (yilxi)px (%)
i=0

1\We should replace pdf with probability function if the sample space_is



From Multiplication Theorem and Markov Property

P, (Xk) = Pxo(X0) Py [0 (X11X0) Py X0, (X2 X0, X1)

T ka|xo,...,xk,1(Xk\Xo, ey Xk—1)

= Px, (%0)Px, | x, (X11%0) Py x, (X2]X1)

S PX X (XK XK —1)

and hence
P, v, (Xks ¥k) = Py, x, (V| xk)

X ka|xk_1(Xk|Xk—1)
X Py, 11X (Vk—1|Xk—1)

X PXj_1|X—2 (kal ‘Xk*Z)

X PXq|Xo (Xl ’XO)

X Pyy|xo (Yolx0) P, (X0)



Recursive Optimization

max pg, v, (Xk, Vi) = max{py, x, (vilx)
X max{ P ey (Xk 1) Py Xy (k-1 Pa-1)

% Qé?{pxk71|xk72(xk—l|Xk72)PYk,2|Xk,2()/k72|Xk72)

X rT‘)I(EllX{px2|x1(X2|X1)PY1\X1 (v1]x)

X TTL?X{PX1|X0(X1|X0)PY0\X0(YO|X0)pXo(XO)}}}}}



Viterbi Algorithm

Let Vi : D — Ry for 0 < k < N be defined via
Vo(x) = Pyy|x, (Yolx)px,(x) and the recursion

Vi(x) = Py (yilx) max px ., (x|u) Vi (1)
fork=1,... k.

Then
max pg, v, (X, 7k) = max Vi(x)

and the optimal X, is such that x;_1 is the maximizing u in
iteration / above.



Logarithmic Viterbi Algorithm

Let Ji: D — R for 0 </ < k as Ji(x) = — log Vi(x).
Then

Ji(x) = = log py;x; (yilx) + min{—log px;|x,_, (x|u) + Ji-1(u)}
with initial value Jo(x) = — log py,|x,(o|x) — log px,(x).

Often better numerical properties.



Dynamical State Equation

A typical example of an HMM for D = R" and £ = R”:

Xiv1 = Fi(Xi, Vi) (1)
Yi = Gi(Xk, Ex)

where F, : R" x R" =+ R", G, : R" x RP — RP, and where E, are
i.i.d. p-dimensional random vectors and Vj are i.i.d. n-dimensional
random vectors, and where Xy € R” is a random vector with
known distributions. Moreover, Xj is independent of E, and V) for
all k > 0. and E, and Vj are independent for all kK > 0.



Linear Dynamics

Consider F(x,v) = Ax + v and G(x,e) = Cx + e, where
A€ R™" and C € RP*".

Assume Xy, Vi and Ej all have Gaussian distributions with
expectations X, 0 and 0, respectively, and covariances Ry, R; and
R>, respectively.

Then

Px, (%0) = N (x0, X0, Ro)
PX, | X1 (X Xk—1) = N Xk, Axe—1, R1)
Py, x. (YkIxk) = N (i, Cxk, R2)



Logarithmic Viterbi Recursion

() = 2 (x— 50) Ry (x — 50) + 2 (30 — C) TRz (o — )
&
50x) = 50~ GO R M~ &) G
+muin{;(X—Au)TRl_l(x—Au)—i—J,-_l(u)} (4)

for i =1,..., k modulo constant terms.



Ansatz

1
Ji(x) = §XTP,'X +qlx+r

for some P; € S”, gi € R" and r; € R.

For i = 0 this holds with
Po=Ry'+CTRyIC; qo=Ry'%+ CTRy 'y
The right hand side of (4) minimize when gradient is zero:
~ATR Y (x — Au) + Pi_1u+qi1 =0
—
u= G4 (AR x — gi)

where G; = ATR[ A+ P;.



Sufficent Condition for Recursion to Hold

Pi=CTRy'C+ Y/
g=—-C'Ry'yi — YAP L qiq

where

Vi = (Ri+ APf_llAT)il



Optimal Estimates

s = ~Pitak = Pt (VAP ge 1+ CTR M)

We can obtain the solution for the problem ending at k + 1 from
the solution for the problem ending at k with just one more step in
the recursion.

We may also use v = x;_1 to obtain the estimates of x; for
0 < < k—1, which are the so-called smoothed estimates:

xi—1 =G} (ATRl_IXi — qi—l)
From matrix inversion lemma as
—1
1 —1 —1 4T —1 AT -1
G 1=P_1—-P3A (Rl + AP 1A ) P-4

The smoothed estimates will be different for different values of k,
i.e. we cannot find the smoothed solution for the problem ending
at k + 1 from the solution of the problem ending at k without
re-running the above backward recursion.



Graphical Models

Consider a graph G = (V/, E), where V = N, is the set of vertices
and where E C V x V is a set of undirected edges connecting
vertices in V.

We let the elements of V index components of an n-dimensional
random variable.

We define similarly as before a distribution function by maximizing
entropy under moment constraints. However, we only specify
second order moments for combinations of components belonging
to E.



Graphical Ising Distribution

When we do this for an n-dimensional Ising distribution we obtain

p(x) = exp Z A Xk + Z Nijxixi — A
keN, (iJ)eE

where

AMN =In D exp [ D N+ DY Aijxixg

x€Dx keN, (iJ)EE

We notice that we just do not specify all the entries of neither A
nor M.



Matching conditions

If we let A;j =0 for (i,j) ¢ E, then we may write the distribution
also in this case using tr Axx”. The Lagrange dual function will
therefore look the same and so will the optimality conditions,
except for the fact that some of them are void, i.e. we only have

oh 0A

o "m0
Oh 0A ..
8Ai7j—8Ti7j_Mi,j_0> (I,J)GE

Also for this case it is in general difficult to solve the optimality
conditions.



Graphical Normal Distribution

Similarly, when we derive the normal distribution the only
difference is that A is such that A;; = 0 for (i,j) ¢ E. We do not
need to specify M; j for (i,j) ¢ E.

The Lagrange dual function will look the same. We first minimize
it with respect to A, which results in A = —Am. We then back
substitute in order to obtain the function f : S” — R given by

1 detA 1
F(N) = — = In 2 4 Zgr AT
W) =—5n g 3t

where ¥ = M — mm".

We need to minimize f subject to the constraint that A;; = 0 for
(i,j) ¢ E in order to express A in terms of the moments.

This is a convex optimization problem with a linear constraint on A.



Further Analysis

Lagrangian £ : S" x S” defined by

1 detA 1 1
ANT)=—=1 —trAX + —trTA
L(A,T) 2n(27r)n+2r +2r

where I'; j = 0 for (i,j) € E.

Optimality conditions
oL 1,4, 1 1

together with A;; = 0 for (i,j) ¢ E and I';; = 0 for (i,j) € E.



Positive Definite Completion

We realize that we have full freedom in selecting the entries of
Y 4T for indexes (i,j) ¢ E by choosing I'. Hence it does not
matter that we did not specify these entries for M. We may take
them equal to any value. Because of this we let ¥;; = 0 for

(i) ¢ E.

However, ¥ 4+ I will be the covariance matrix of the normal
distribution, and hence has to be positive definite.

In summary we want to find [ to complete the covariance matrix
in such a way that it is positive definite and such that its inverse

has zeros for entries not in the set E.

This is called the postive definite completion of X.



Conditional Independence

Consider

detn/\ e—(x—m) T/\(X—m)
T

Assume V = AU B U C, and order such that x = (xa, xg, xc)-



Implies Zero Structure

* 0 =
A= 10 * =x*
¥ % %

p(x) = pa,g|c(X)pc(xc) = pajc(xa; xc)ps|c(x8, xc)pc(xc)

and



Markov Random Field

In general p can be factorized as

p(x) = [ felxc)

cec

for some functions fc : RI¢l — R., where C is the set of all cliques
of G, i.e. the set of all complete subgraphs of G.

The above Markov property holds for general graphical models

defined on undirected graphs, and specifically also for the Ising
model.

Markov processes a special case.



Maximum Likelihood Estimation

For a probability function p € D, that depends on a parameter
A € R we may define the likelihood function £ : RV x R — [0, 1]
based on N samples fi,, i € Ny of the random variable
X:N,—{f,...,fh,} CR"as

N
Ui i ) = [ [ Pi(N)
i=1
Then the estimate of A is obtained by maximizing /.

For Categorial distribution:
N
InE(fiy, - fii A) = = D Mg = NInd())
i=1

With b= % 3", fi. minimizing " Lagrange dual function” h(X) is
equivalent to maximizing In{(fi,, ..., fi,i A).



Ising Distribution

For Ising distribution ¢ : {0,1}™N x R™ x S™ — [0, 1] based on N
samples x; € {0,1}™, i € Ny:

E(X]_, s 7XN;)\7/\) - HP(XI)
we have

Inl(x1,...,xn; A\ A) —)\TZX,thr/\ZX, — NA(M,A)

With m = SV xiand M = A SV xix] minimizing
"Lagrange Dual function” h(\,A) is equivalent to maximizing the
likelihood function.

Also true for graphical Ising model.



Normal Distribution
For the normal distribution with 6 = (\,A) € R" x S™

Inl(x1,...,xn;0) = —tr/\(Zx, > )\TZX, T/\ I\

N detA
—In
2 (2m)n
With
1 N 1 N
_ _ T
m—Nz;x,, M_NEIX'X'

minimizing " Lagrange dual function” h(A) is equivalent to
maximizing the likelihood function.

The solution has already been computed and with ¥ = M — mm"

we have A=Y land \= - Im.

Similar results for graphical normal distribution



Generalizations
With prior information like

Blj/\jBu

with Bj, B, € S'} , we have a convex constraint which can be
incorporated when we minimize h(\, A).

Also an upper bound Kmax on the condition number of A can be
incorporated by noting that it is equivalent to the existence of
u > 0 such that ul < A =X Kmaxul.

Prior information can be included:

m—amo+ 1_04 ZX/

M= pBMy+(1—5 Zx,

with o, 8 € [0, 1].
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