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Dynamical System Models

A discrete-time dynamical system is described by state equation

xk+1 = Fk(xk , uk) (1)

where k ∈ Z+ is time, xk ∈ Rn is the state, uk ∈ Rm is the input
signal and Fk : Rn × Rm → Rn. The initial value x0 is given.

System called time-varying if F depends explicitly on k . Otherwise
time-invariant.

The output signal is
yk = Gk(xk , uk) (2)

where yk ∈ Rp and Gk : Rn × Rm → Rp.



Linear Time-Invariant System

Obtained by taking Fk and Gk as linear functions independent of
k , i.e.

xk+1 = Axk + Buk (3)

yk = Cxk + Duk (4)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and D ∈ Rp×m are called
the system matrices.



System Identification Problem

Given (yk , uk), 0 ≤ k ≤ N and would like to compute
θ = (A,B,C ,D, x0) such that (3–4) holds

Normally the measured sequences do not satisfy (3–4) exactly for
any θ due to measurement errors and/or other limitations in the
model.

Hence reasonable to define predictor of the output as

xk+1 = Axk + Buk

ŷk = Cxk + Duk

and define the prediction error

ek = yk − ŷk



Equivalent Formulation and Generalization

Equivalently

xk+1 = Axk + Buk

yk = Cxk + Duk + ek

If errors also in state equation we consider

xk+1 = Axk + Buk + vk

yk = Cxk + Duk + ek

where vk ∈ Rn models errors in the state equation.



Maximum Likelihood Formulation
Assume (vk , ek) are realizations of a sequence of Gaussian zero
mean random variables (Vk ,Ek) with covariance

R =

[
R1 R12

RT
12 R2

]
∈ Sn+p

++

such that (Vj ,Ej) and (Vk ,Ek) are independent for j ̸= k .

The ML problem of estimating θ = (A,B,C ,D,R, x0) is

minimize
1

2

N−1∑
k=0

[
vk
ek

]T
R−1

[
vk
ek

]
+

1

2
eTNR−1

2 eN − N

2
ln detR

− 1

2
ln detR2

subject to xk+1 = Axk + Buk + vk , 0 ≤ k ≤ N − 1

yk = Cxk + Duk + ek , 0 ≤ k ≤ N

with variables (θ, x , v , e), where x = (x1, . . . , xN), e = (e0, . . . , eN)
and v = (v0, . . . , vN−1)



Innovation Form

Parameters to estimate can be reduced by considering innovation
form:

xk+1 = Axk + Buk + Kek (5)

yk = Cxk + Duk + ek (6)

where K ∈ Rn×p.

Now θ = (A,B,C ,D,K ,R2, x0), and the ML problem is

minimize
1

2

N∑
k=0

eTk R−1
2 ek −

N + 1

2
ln detR2

subject to xk+1 = Axk + Buk + Kek , 0 ≤ k ≤ N − 1

yk = Cxk + Duk + ek , 0 ≤ k ≤ N

(7)

with variables (θ, x , e).



Remarks

▶ When p = 1 we can solve a constrained LS problem with no
weighting with R2, and then compute R2 as eT e/(N + 1),
where e is the optimal solution.

▶ The optimization problem is not convex due to bilinearity of
the variables in the constraints.

▶ Even worse is that there are uncountably many solutions to
the problem because of the fact that the input-output
relations are unaffected by state transformations.



Single-Input-Single-Output Models (m = p = 1)

Define the Z-transform of a signal x = (x0, x1, . . .), where xk ∈ Rn,
as the function X : C → Cn defined by

X (z) =
∞∑
k=0

xkz
−k

Applied to (5–6) this results in

zX (z)− zx0 = AX (z)BU(z) + KE (z)

Y (z) = CX (z) + DU(z) + E (z)

where Y , U and E are the Z-transforms of y , u, and e,
respectively.



Transfer Functions
Eliminate X using first equation and substitute into second
equation:

Y (z) = C (zI − A)−1zx0 + G(z)U(z) +H(z)E (z)

where G(z) = C (zI − A)−1B + D and H(z) = C (zI − A)−1K + I
are rational and proper functions of z with degree n in
denominator.

It holds that

G(z) = B(z)
A(z)

; H(z) =
C(z)
A(z)

where we have defined the polynomials

A(z) = zn + a1z
n−1 + · · ·+ an−1z + an

B(z) = b0z
n + b1z

n−1 + · · ·+ bn−1z + bn

C(z) = zn + c1z
n−1 + · · ·+ cn−1z + cn



Dynamics as Linear Constraint

From det(zI − A) = A(z) and A(z)(zI − A)−1 = adj(zI − A):

A(z)Y (z) = C adj(zI − A)zx0 + B(z)U(z) + C(z)E (z)

Multiply this equation with z−k/(2πi) for
k = −n,−n + 1, . . .N − n and integrate along the unit circle C in
the complex plane. Since∮

C
zkdz =

{
2πi , k = −1

0, k ̸= −1

it follows that
Tay = ξ + Tbu + Tce (8)

where y = (y0, . . . , yN), u = (u0, . . . , uN), and e = (e0, . . . , eN)



Toeplitz Matrices

Above

Ta = I + a1S + · · · an−1S
n−1 + anS

n

Tb = b0I + b1S + · · · bn−1S
n−1 + bnS

n

Tc = I + c1S + · · · cn−1S
n−1 + cnS

n

are Topelitz matrices with the shift matrix S ∈ R(N+1)×(N+1) being
a matrix of all zeros except for ones on the first sub-diagonal.

The vector ξ ∈ RN+1 is a vector of all zeros except for the first n
elements, which are functions of the initial value x0.

Hence ξ = (ξ0, 0), where ξ0 ∈ Rn.



Shift Operator

Each and every row in (8) is related to a specific k above. Except
for the first n rows in the above equation, one may equivalently
write

A(q)yk = B(q)uk + C(q)ek
where q shifts the time index of a signal , i.e. qyk = yk+1.

The model is called an Auto-Regressive-Moving-Average model
with exogenous terms (ARMAX).

When C (q) = 1 we have an Auto-Regressive model with
exogenous terms (ARX)

The case when A(q) = C(q) is called an Output Error (EO) model.



Constrained Nonlinear LS Problem

The ML problem can be stated as

minimize 1
2∥e∥

2
2

subject to Tay = ξ + Tbu + Tce
(9)

with variables (θ, e), where θ = (a, b, c , ξ0) with a = (a1, . . . , an),
b = (b0, . . . , an), and c = (c1, . . . , cn).

Non-uniqueness related to the fact that there are infinitely many
realizations of an input-output model have been removed.

Still possible to have non-unique solution related to that the data
(yk , uk) may not contain enough information to uniquely determine
the input-output model.

Criteria that ensure uniqueness are in system identification called
persistence of excitation



Un-Constrained Nonlinear LS Problem

Since Tc is invertible, we have

e = T−1
c (Tay − ξ − Tbu)

Hence the following un-constrained problem is equivalent:

minimizeθ
1

2

∥∥T−1
c (Tay − ξ − Tbu)

∥∥2
2

This is a nonlinear LS problem.

It is a separable LS problem, since if we fix c , then the problem is a
linear LS in the remaining variables.



Gradients

∂e

∂ak
= T−1

c Sky , 1 ≤ k ≤ n

∂e

∂bk
= −T−1

c Sku, 0 ≤ k ≤ n

∂e

∂ck
= −T−1

c Ske, 1 ≤ k ≤ n

∂e

∂ξT0
= −T−1

c

[
I
0

]
with the convention that S0 = I .

All the gradients obtained by solving a linear system of equations

Tcz = r

for some right hand side r that is trivial to compute.



Filtration

Since Tc is lower triangular, this system of equations can be solved
recursively, and it can also be interpreted as a filtration

zk =
1

C(q)
rk

When there are zeros of the polynomial C(z) such that |z | > 1,
where z ∈ C, then this filtration is not numerically well-behaved,
and it is also the case that Tc is an ill-conditioned matrix.



State-Space Model from ARMAX Model

xk+1 =


0 0 · · · 0 −an
1 0 · · · 0 −an−1
...

...
...

...
0 0 · · · 1 −a1

 xk +


bn − anb0

bn−1 − an−1b0
...

b1 − a1b0

 uk

+


cn − an

cn−1 − an−1
...

c1 − a1

 ek

yk =
[
0 0 · · · 0 1

]
xk + b0uk + ek



Initial Value
Initial value x0 satisfies

Cx0 = y0 − Du0 − e0

where the right hand side is known. Moreover

CAx0 = Cx1 − CBu1 − CKe1 = y1 − Du1 − e1 − CBu1 − CKe1

with known right hand side. Continuing like this we obtain

Ox0 = r

where

O =


C
CA
CA2

...
CAn−1


is the observability matrix, and where r can be computed
recursively. Since we have used the observer canonical form the
observability matrix is invertible, and hence we can solve for x0.



Missing Data

Consider
minimize 1

2∥e∥
2
2

subject to Tay = ξ + Tbu + Tce
(10)

with variables (θ, e, ym). which is the same as (9) except that we
also have missing outputs ym as optimization variables. Here
ym = Tmy , where T =

[
Tm To

]
∈ R(N+1)×(N+1) is a

permutation matrix.

Equivalent unconstrained problem

minimize
1

2

∥∥T−1
c (Tay − ξ − Tbu)

∥∥2
2

(11)

with variables (θ, ym). This is also a separable nonlinear LS
problem, since the residual e is linear in the remaining variables
when c is fixed.



Block-Coordinate Minimization

A common way of solving this problem is to consider a
block-coordinate method, where in every other step (ym, ξ0) and
(a, b, c) are fixed, respectively.

When (ym, ξ0) is fixed we have a standard system identification
problem with no missing data and known initial value.

When (a, b, c , ) is fixed we have a linear LS problem for (ym, ξ0).



Consistency

Unfortunately the solution obtained will not be consistent unless
T−1
c Ta = I , which is true for Output Error (OE) models, for which

Ta = Tc , and for Finite Impulse Response (FIR) models, for which
Ta = Tc = I .

The reason for this is that the above formulation is not equivalent
to the ML problem formulation when data is missing



ML Problem for Missing Data

Assume that e is a realization from a normal distribution with zero
mean, and covariance equal to σ2I . Let Ty = T−1

c Ta,

Tu = T−1
c Tb and Ti = T−1

c

[
I
0

]
. Then we can write

e = Tyy − Tiξ0 − Tuu

Also we define Tm = TyT
T
m and To = TyT

T
o , Then it can be

shown that the ML problem is equivalent to

minimize
1

2

∥∥∥∥det(T T
m Tm

) 1
2no (Tyy − Tiξ0 − Tuu)

∥∥∥∥2
2

(12)

with variables (θ, ym), where no is the number of observed outputs.

This is a separable nonlinear LS problem. It is linear in (ym, ξ0)
when (a, b, c) is fixed.



Example
Consider an ARMAX model with a = 0.7, b = (0.7, 0) and
c = 0.5. In total 40% of the data is missing. In the figure the
results of 100 experiments is presented for the estimates of a and c
when using both the criterion in (11) (x) and the one in (12) (o).
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Gaussian Processes for Identification

1. ARMAX systems can be arbitrarily well approximated with
ARX models, if the model order n in the model is taken large
enough.

2. If both the number of data N and the model order n goes to
infinity, and N faster than n, then the estimate is consistent.

3. Since computing ARX models is equivalent of solving a linear
LS problem, the solution can be obtained both efficiently and
accurately.

4. A draw-back with the approach of using high model order is
that for a modest number of data, the variance of the
estimate of the model parameters will be large.

5. A remedy to this is to model the dynamical system as a
Gaussian process, which is as an MAP estimate.



FIR Model
For simplicity we only consider the FIR model

y = ξ + Tbu + e

which is a special case of the ARMAX model.

Define

U = u0I + u1S + · · ·+ uNS
N

and let Un+1 be the first n + 1 columns of U. Then with
θ = (b, ξ0):

y = Φθ + e

where
Φ =

[
Un+1 J

]
with J =

[
I 0

]T ∈ R(N+1)×n. This is clearly the same model as
used for Gaussian processes, if we take X = Φ and a = θ.



Estimate

We now assume that e is the outcome of a zero mean normally
distributed random vector with covariance σ2I and that θ is a the
outcome of a zero mean normally distributed random vector with
covariance Σ, and independent of e.

Then the estimate of θ is given by the conditional mean of θ given
observations of y as

θ̂ = ΣΦT
(
σ2I +ΦΣΦT

)−1
y

This is a consistent estimate if Σ ∈ SN
++, ΦΦ

T/N converges to an
invertible matrix and if Φe/N converges to zero as N goes to
infinity.



Emperical Bayes or Type II Maximum Likelihood

Assume that Σ : Rq → S2n+1
+ , where Σ(η) is describing a suitable

subset of S2n+1
+ as the hyper parameter η varies.

We choose η to maximize the likelihood function for the
observations y , which is the outcome of a zero mean normally
distributed random vector with covariance Z : Rq × R+ → SN+1

++

defined by
Z (η, σ2) = ΦΣ(η)ΦT + σ2I

Therefore the ML problem is equivalent to

maximizeyTZ (η, σ2)−1y + log detZ (η, σ2)

with variables (η, σ2), where we also consider σ2 as a hyper
parameter.



Covariance Matrices

We consider Σb : R3 → Sn+1
+ defined by

{Σb(η)}j ,k = λα(k+j)/2ρ|j−k|

for (j , k) ∈ Nn+1 ×Nn+1, where η = (λ, α, ρ) with λ ∈ R+,
0 ≤ α < 1, and |ρ| ≤ 1. This is called a diagonal/correlated (DC)
kernel (covariance function).

We let Σ = bdiag(Σb,Σξ), where Σξ ∈ Sn
+.

The advantage with this parameterization is that the ML criterion
then is the difference between two convex functions g : Rq → R
and h : Rq → R defined by g(η) = yTZ (η, σ2)−1y and
h(η) = − log detZ (η, σ2).

Hence the sequential convex optimization technique based on the
majorization minimization principle applies.



Example

We consider an FIR system given by

yk =
75∑
j=1

je−0.2ju(k − j) + ek , k ∈ N200

where ek is a realizations of i.i.d. Gaussian random variables with
zero mean and unit variance.

The input signal uk is generated in a similar way. However, it is
then low-pass filtered with a filter with cut-off frequency of 0.9.

We estimate an FIR model b̂ of order n = 50 using Empirical
Bayes with the DC kernel and another FIR model without using
Empirical Bayes.



Validation
We generate validation data (ū, ȳ) in the same way as we
generated the data (u, y).

From ū we compute ŷk =
∑n

j=1 b̂j ū(k − j). This results in one ŷ
for the Empirical Bayes estimate and one for the estimate without
using Empirical Bayes. We compare these ŷ with one another and
with ȳ in the figure
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Recurrent Neural Network (RNN)
Model the predictor (1–2) as

xk+1 = F (xk , uk , θ), 0 ≤ k ≤ N − 1

ŷk = G (xk , uk , θ), 0 ≤ k ≤ N

where F : Rn × Rm × Rq → Rn and G : Rn × Rm × Rq → Rp are
functions given by ANNs.

The vector θ contains all the parameters that specify the affine
propagation functions of the ANN.

The word recurrent comes from the fact that the same ANN is
used for each time step.

Often one-layer ANNs used to model F and G . Then it is possible
to interpret the evolution of the state equation as a traditional
ANN, for which the same weights are used in each layer. This
interpretation is called unrolling of the RNN.



Challenges

The resulting optimization problems might become ill-conditioned.

In the learning community this is called vanishing gradient or
exploding gradient.

A remedy to this is the so-called Long Short-Term Memory
(LSTM) network.



Nonlinear ARX-Model

ŷk+1 = f (yk , . . . , yk−n+1, uk , . . . , uk−n+1, θ), n − 1 ≤ k ≤ N − 1

where f : R2n × Rq → R is a nonlinear function.

The vector θ contains all the parameters that define the predictor.

The idea in Temporal Convolutional Networks (TCN)s is to build
up the function f in a tree structure, where each node in the tree
is defined by a nonlinear ARX-model as well.



TCN

Let xk = (yk , uk) and let

ŷk+1 = f (L)(Z
(L−1)
k )

z
(l)
k = f (l)(Z

(l−1)
k ), l ∈ NL−1

z
(0)
k = xk

where
Z

(l−1)
k =

(
z
(l−1)
k , z

(l−1)
k−dl

, . . . , z
(l−1)
k−(n̄−1)dl

)
and where dl is the so-called dilation factor. Typically dl increases
exponentially with l , e.g. dl = 2l−1. We notice that
n − 1 = (n̄ − 1)dL is the effective memory of the overall predictor.

Each function f (l) can be defined in many different ways. A very
simple example would be to take it as a standard one-layer ANN.



Experiment Design

FIR model:

y(t) = b0u(t) + b1u(t − 1) + . . .+ bnu(t − n) + e(t), 1 ≤ t ≤ N

Let

y =

 y(1)
...

y(N)

 ; φ(t) =

 u(t)
...

u(t − n)

 ; X =

φ(1)T

...
φ(N)T

 ; e =

 e(1)
...

e(N)


and θ =

[
b0 · · · bn

]T
. Then

y = Xθ + e

where e realization of zero mean random variable with covariance
σ2I .



Covariance function

Covariance P̄ ∈ Sn+1
+ for the LS estimate:

P̄ = σ2
(
XTX

)−1

Let Ru : Z → R be the covariance function for input signal u(k).

From definition of X :

XTX ≈ N

Ru(0) · · · Ru(n)
...

. . .
...

Ru(n) · · · Ru(0)


Our idea is to find a covariance function Ru for the input, which
will give us a good P̄.



Some definitions

Let r =
[
Ru(0) · · ·Ru(n)

]T
be a variable that we are going to

find a good value for. Define

R(r) = N

 r1 · · · rn+1
...

. . .
...

rn+1 · · · r1


which is linear in r , and

P(r) = σ2R(r)−1

Now P̄ ≈ P assuming that we are able to generate input with the
covariance function defined by r .



Optimality criteria

The following criteria should be small:

A-optimality trP(r)

D-optimality log detP(r)

E-optimality λmaxP(r)

L-optimality trWP(r), where W ∈ Sn+1
++

Then the confidence ellipsoid{
θ̂ ∈ Rn+1| (θ̂ − θ0)

TP(r)−1(θ̂ − θ0) ≤ α
}

will be small.

We limit the power in the experiment by r1 ≤ L. Then SNR is
L/σ2.



Not all r are covariance functions

Consider covariance functions from output of MA filter:

u(k) = c0v(k) + c1v(k − 1) + · · ·+ cnv(k − n)

where v(k) is white noise with unit variance.

Covariance function for u:

Ru(k) = Eu(l)u(l − k) = E

 n∑
i=0

civ(l − i)
n∑

j=0

cjv(l − k − j)


Notice Ru(k) = 0 for k > n. The z-transform of Ru:

Φu(z) =
n∑

k=−n

Ru(k)z
−k

Require Φu(e
iω) ≥ 0 for all ω ∈ R for r to be valid.



Postive real lemma

Let

A =

[
0 0

In−1 0

]
; B =

[
1
0

]
; C =

[
r2 · · · rn+1

]
and

K (Q, r) =

[
Q − ATQA CT − ATQB
C − BTQA r1 − BTQB

]
where Q ∈ Sn. Then Φu(e

iω) ≥ 0 for all ω ∈ R is equivalent to
K (Q, r) ⪰ 0, i.e being positive semidefinite.

The set of Q and r that satisfies K (Q, r) ⪰ 0 is a convex set!



D-optimality

The function log detP(r) = log detR(r)−1 + 2(n + 1) log σ is a
convex function of r .

Optimal experiment design using D-optimality:

minimize − log detR(r)

subject to r1 ≤ L

K (Q, r) ⪰ 0

with variable r . Conic optimization problem that can be solved
efficiently.

Convenient Matlab-interface: YALMIP.

All other optimality criteria also result in conic optimization
problems.



Spectral factorization

The z-transform of Ru given by

Φu(z) =
n∑

k=−n

Ru(k)z
−k

Since Ru is even function, we have Φu(z) = Φu(1/z) ⇒ zi is zero
or pole of Φu so is 1/zi . Hence the following spectral
factorization holds:

Φu(z) = κH(z)H(1/z)

where κ some constant, and where

H(z) =
Πn
i=1(z − zi )

Πn
i=1(z − pi )

with |zi | ≤ 1 and |pi | ≤ 1.



Polynomial spectral factorization
Notice that znΦu(z) is a polynomial, and hence

znΦu(z) = κH(z)znH(1/z)

where right hand side is also polynomial. Take pi = 0. With

C (z) = zn + c1z
n−1 + · · ·+ cn = Πn

i=1(z − zi )

we hence have the polynomial spectral factorization

znΦu(z) = κC (z)C̃ (z)

where C̃ (z) = znC (1/z) with all its zeros outside the unit circle.
Moreover, H(z) = C (z)/zn.

Hence the MA-process

u(k) = v(k) + c1v(k − 1) + · · ·+ cnv(k − n)

with v(k) white noise with variance κ will have covariance function
Ru.



Matlab function

function [c,kappa] = specfac(r)

% covariance function to MA-conversion

% r contains the values of the covariance function:

% r = [R(0) R(1) ... R(n)]

% c are cofficients of MA-filter

% kappa is variance of white noise input to MA-filter

r = [r(end:-1:2) r];

zero = roots(r);

ind = find(abs(zero)<1);

c = poly(zero(ind));

tildec = c(end:-1:1);

kappa = polyval(r,1)/polyval(c,1)/polyval(tildec,1);



OE model example: D-optimality

y(t) + ay(t − 1) = bu(t) + e(t) + ae(t − 1)
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Scatter plot for 100 estimates
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